IN this note, I shall establish necessary and sufficient conditions for the existence of critical lattices of an arbitrary point set, and I shall construct a non-trivial example of a point set without any critical lattice. In a previous paper, 1 I proved that every star body of the finite type possesses at least one critical lattice.
I.
Let 5 be any point set in w-dimensional Euclidean space R n .
A lattice A is called S-admissible if no point of A, except possibly the origin 0= (0,0,..., 0), is an inner point of 5. Such admissible lattices need not exist, e.g. if 5 is the whole space R n ; we say in this case that 5 is of the infinite type, and put A(S) = oo. If there are admissible lattices, S is called of the finite type. We then form the lower bound A(S) = Lb. d(A) of the determinants d(A) of all S-admissible lattices, and call this the minimum determinant of S. In the special case that A(5) = 0, there exist 5-admissible lattices of arbitrarily small determinant, and S is called of the zero type; e.g. the null set has this property.
A lattice A is called a critical lattice of S if (a) A is 5-admissible, and (b) d(A) = A(5).
It is clear from the definitions just given that 5 cannot have a critical lattice if it is of the infinite or the zero types. For there are no S-admissible lattices in the first case; in the second case, the lower bound is not attained since every lattice is of positive determinant.
In the remaining case, when (1) 0 < A(S) < oo, the following criterion holds. Proof. Let the assertion be false, i.e. assume that 5 has no critical lattice. Denote by e an arbitrarily small positive number, and by p so large a positive number that 5 is contained in the sphere . \x\< P .
2
A sequence of lattices Ai, A2, A3, ... is said to be bounded if (i) the determinants d(A r ) are bounded, and (ii) no point P 5^ 0 of these lattices lies in a certain neighbourhood of 0. (LP, Definition 1, p. 155.) 3 It is possible to select from any bounded sequence of lattices a subsequence tending to a limiting lattice. (LP, Theorem 2, p. 156.) Choose further any infinite sequence of 5-admissible lattices Ai, A 2 , A 3 , . . . satisfying (2). By Theorem 1, this sequence cannot be bounded. Hence there is an index k such that A k contains a point Pi 9^ 0 at a distance less than e from O. There is no loss of generality in assuming that P\ is of the form P x = &, 0, . . . , 0), where 0 < £1 < €, since the coordinate system may be so selected that the Xi-axis passes through Pi. Let now P 2 , P3, . . . , P n be the points P 2 = (0, p, 0, . . ., 0), P 3 = (0, 0, p, . . . , 0), . . . , P n = (0, 0, 0, ... , p), and let A be the lattice of basis Pi, P 2 , . . . , P n , hence of determinant (3) d{k) = CiP"" 1 < ep"" 1 .
Then this lattice is S-admissible. For A consists of the points
. . , «n = 0, =F 1, =F 2, . . .). Of these lattice points, those with
He at a distance not less than p from 0, hence do not belong to 5. If, however, U\ ^ 0, u 2 = Us -. . . = u n = 0, then P belongs to A& and so cannot be an inner point of S.
A(5) = 0 since c may be arbitrarily small. Therefore 5 is of the zero type, contrary to hypothesis.
Theorem 2 contains as a special case my earlier result on the critical lattices of a star body of the finite type. 4 II 4. The question arises whether Theorem 1 has a non-trivial content, thus whether there do in fact exist point sets satisfying the condition (1), but having no critical lattices. We shall now answer this problem by constructing an example of such a point set. But it will first be necessary to prove a number of simple lemmas. Denote by 2 the set of all products ua r , where r, u = 1, 2, 3, ... . Then all elements of 2 are positive; no two elements of 2 are equal; and any finite interval contains at most a finite number of elements of 2-Hence if the elements of 2, £1, £2, £3, . . . say, are arranged according to increasing size, & < £2 < £3 < . . ., then lim ^ =00.
Let

M>oo
If $ is any positive number, and if £ M , £" run over all pairs of elements of 2 for which ^ ^ & (i.e. M ^ *), £. < t> then at most a finite number of the differences are less than an arbitrary given constant. Denote by p(0 = mindk-fcl) the smallest of these differences; it clearly defines a positive and nonincreasing function of /.
Moreover, lim p(t) = 0.
For 2 contains the elements, uai, va 2 (u y v = 1, 2, 3, . . .), and, as is well known, there are positive integers u, v, for which
is arbitrarily small. On letting k tend to infinity, the right-hand side tends to zero, and we find that as asserted.
From the definition of
7. We need also the following, rather simpler, result. On allowing k to tend to infinity, we find that X = 11$, as asserted.
8. From the last two lemmas, we deduce a similar result for a special point set in ^-dimensional space R n .
Denote Denote then by n = Unw(«)
the sum set of all parallelepipeds n (r) (w), and by P = {P (r) (w)| the set of all points P (r) (w). Since, from (4), p(2f,) <$" because both £" and 2£" belong to 2, the two point sets II and P lie completely in the octant Xi > 0, x 2 > 0, . . . , x n > 0. (6) x 2 = /3 r w 2 . Finally, by the same lemma applied with fi = 1, there exist w -2 positive integers «3, ^4, . . . , u n such that (7) Xh = u h (h = 3, 4, . . . , »). The assertion is contained in (5), (6), and (7). 9. We also need the following simple lemma about the bases of a lattice. are not inner points of 5, nor are they boundary points of 2; and the same is true even for the multiples (9) 2*F X , 2*F 2 ,..., 2*F n , 2 fc (F x + F 2 + ... + Y n ) = 2*F(ife = 0,1, 2,3,...).
Hence all points (9) Denote now by A r the lattice of all points
where the g's run over all integers; this lattice is of determinant d(A r ) = a r j8r.
Since the basis elements Y h of A belong to A r , A is either identical with A, or it is a sublattice. In either case,
where g is a positive integer. Hence, by the hypothesis (I) of 8,
In the other direction, from the same hypothesis,
We find therefore the following result: 12. Theorem 4 implies, in particular, that S has only an enumerable set of admissible lattices, a possibility which cannot arise for star bodies. It is further clear that no point of any S-admissible lattice lies on the boundary of 5.
The following, somewhat simpler, example of a point set is possibly even more surprising. Denote by T the set of all points X such that max( |xi -Ui |, | x 2 -u 2 j, . . . , | x n -u n \) > | for every system of integers u u u 2l . . . , u n . It is not difficult to deduce from Lemma 2, that the only T-admissible lattices are (i) the lattice of all points with integral coordinates, and (ii) all its sublattices. Therefore A(T) = 1, and there is just one critical lattice. Every point of this critical lattice lies at a distance | from the boundary of T> and the same is true for the points of the T-admissible lattices. This is very different from the position for star bodies; for every critical lattice of a star body has at least one point arbitrarily near to its boundary. POSTSCRIPT (June 1948) Mr. C. A. Rogers, having been told of my result, found the following simpler example of a point set without a critical lattice: 1 T7--j < 1 •
Xi -j~ X<t /
This two-dimensional set differs from my example in having a continuous infinity of admissible lattices.
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